ALEXANDROV EMBEDDED CLOSED MAGNETIC 
GEODESICS ON 



MATTHIAS SCHNEIDER 

Abstract. We prove the existence of Alexandrov embedded closed 
magnetic geodesies on any two dimensional sphere with nonnegative 
Gaufi curvature. 



1. Introduction 

Let {S'^,g) be the two dimensional sphere equipped with a smooth metric 
g and A; : S"^ ^ M a smooth positive function. We consider the following two 
equations for curves 7 on S^: 

Dt,gj = k{j)Jg{j)i, (LI) 

and 

Dt,gj=\i\gk{j)jg{j)j, (L2) 

where Dt^g is the covariant derivative with respect to g, and Jg{x) is the 
rotation by it/2 in T^S"^ measured with g. 

Equation (jl.ip describes the motion of a charge in a magnetic field cor- 
responding to the magnetic form kdVg and solutions to (jl.ip will be called 
(k-)magnetic geodesies (see [1,3,5]). Equation (jl.2p corresponds to the prob- 
lem of prescribing geodesie eurvature, as its solutions 7 are constant speed 
curves with geodesic curvature kg{'^,t) given by k{'~f{t)). 
It is easy to see that a nonconstant magnetic geodesic 7 lies in a fixed energy 
level Ec, i.e. there is c > 0, such that 

{^,j)£E,:={{x,V)eTS^ : \V\g = a}. 

For fixed k and c > the equations (jl.ip and (jl.2p are equivalent in the 
following sense: If 7 is a nonconstant solution of (jl.2p with k replaced by 
k/c, then the curve 7c(t) := 7(ct/|7|g) is a /c-magnetic geodesic in E^., and 
a fc-magnetic geodesic in Ec solves (jl.2p with k replaced by k/c. 
We study the existence of closed curves with prescribed geodesic curvature 
or equivalently the existence of periodic magnetic geodesies on prescribed 
energy levels Ec- 
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Solutions to (jl.ip or ()1.2p are invariant under a circle action: For 6 ^ = 
M/Z and a closed curve 7 we define a closed curve 6* * 7 by 

6)*7(i) = 7(t + 6'). 

Thus, any solution gives rise to a S'^-orbit of solutions and we say that two 
solutions 71 and 72 are (geometrically) distinct, if S*^ * 71 7^ 5*^ * 72. 
There are different approaches to this problem, the Morse-Novikov theory for 
(possibly multi- valued) variational functionals (see [7,13,14]), the theory of 
dynamical systems using methods from symplectic geometry (see [1,4-6,10]) 
and Aubry-Mather's theory (see [3]), and recently the theory of vector fields 
on infinite dimensional manifolds (see [11]). 

We follow [11] and consider solutions to ()1.2I) as zeros of the vector field X^^g 
defined on the Sobolev space H'^^^{S\S'^) as follows: For 7 G H^''^{S\S'^) 
we let Xk^gij) be the unique weak solution of 

( - Dig + l)Xfc,,(7) = -A,p7 + IMgHlPgil)! (1-3) 

in T^H'^''^{S^ , S'^). The uniqueness implies that any zero of Xi^^g is a weak 
solution of (|1.2p which is a classical solution in C^(5^, 5"^) applying standard 
regularity theory. 

Concerning {S'^,g) and a positive function k it is conjectured, 

every positive energy level Ec contains a /c-magnetic geodesic. (1-4) 

More precisely, the open problem in [2, 1994-35,1996-18] is to show the 
existence of at least two closed fc-magnetic geodesies on every positive energy 
level, which is is true for small energy levels depending on g and k (see [5,6]). 
In [11] it is shown that ()1.4p is true, if the metric g is ^-pinched, i.e. the 
Gauf5 curvature Kg satisfies 

sup Kg < 4inf Kg. 

In fact, if g is ^-pinched and A; is a positive function, then every positive 
energy level Ec contains an embedded (simple) closed /c-magnetic geodesic 
and the number of embedded closed /c-magnetic geodesies in Ec is even, 
provided they are all nondegenerate. We shall extend the above existence 
results. Instead of working in the class of embedded curves we consider 
solutions, that are Alexandrov embedded. 

Definition 1.1. (oriented Alexandrov embedded) Let B C M? denote the 
open ball of radius 1 centered at ^ M^. An immersion 7 G C^{dB , S"^) 
will be called oriented Alexandrov embedded, if there is an immersion F G 
C^{B,S'^), such that F\qb = 7 cLnd F is orientation preserving in the sense 
that 

{DF\,x,Jg{-f{x))j{x))T^^^^s^g>0 

for all X G dB. 
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Usually, Alexandrov embedded curves are defined to be the boundary of 
immersed manifolds. We restrict ourselves to the case of the ball B and 
oriented immersions F. If we equip B with the metric F*g induced by F, 
then the outer normal Nb{x) at x G dB with respect to F*g satisfies 

DF\,Nb{x) = N^ix) 

where N^{x) denotes the normal to the curve 7 at x G dB defined by 

N,ix) := |7(x)|-ij,(7(x))7(x). 

We shall prove 

Theorem 1.2. Let g be a smooth metric on S'^ with nonnegative Gaufi cur- 
vature and k a positive smooth function. Then there is an oriented Alexan- 
drov embedded curve 7 G C'^{S^,S'^) that solves (ll.2p and the number of 
oriented Alexandrov embedded solutions to ( fi.^j) is even provided they are 
all nondegenerate. 

The equivalence between (jl.ip and (|1.2p leads to 

Corollary 1.3. Let g be a smooth metric on S'^ with nonnegative Gaufi 
curvature and k a positive smooth function. Then every energy level Ec 
contains an oriented Alexandrov embedded magnetic geodesic and the number 
of oriented Alexandrov embedded magnetic geodesies in Ec is even provided 
they are all nondegenerate. 

The proof of our existence results is organized as follows. After setting up 
notation in Section [2] and introducing the classes of maps and spaces needed 
for our analysis we recall in Section [3] the definition and properties of the 
S'^-equivariant Poincare-Hopf index, 

where Ma is the set of oriented Alexandrov embedded regular curves in 
H'^''^{S^ , S'^). For positive constants ko we shall show that 

where gcan denotes the round metric induced by S'^ = dBi{0) C M^. Section 
[5] contains the apriori estimate which implies that the set of solutions to 
(II. 2p is compact in Ma, if the Gaufi curvature of {S^,g) is nonnegative. The 
homotopy invariance of the S^-equivariant Poincare-Hopf index then leads 
to the identity 

Xsi{Xk,g,MA) = Xs^{Xko,9..^„,MA) = -2. 
The resulting proof of Theorem 11.21 is given in Section [6l 
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2. Preliminaries 

Let = dBi{0) C be the standard round sphere with induced metric 
gcan and orientation such that the rotation Jg^^„ (y) is given for y € 5^ by 

Jgcan{y){v) ■=yy-v for all V G TyS"^ , 

where x denotes the cross product in M'^. If we equip 5^ with a general 
Riemannian metric then the rotation by 7r/2 measured with g is given by 

Jg{y)v = [G{y))-'jg^^M{G{y))v Mv e TyS\ 
where G{y) denotes the positive symmetric map G{y) E C{TyS'^) satisfying 

{v, w)TyS2,g = {G{y)v, G{y)w)TyS^,gcan '^^^ ^ G TyS"^ . 

The geodesic curvature kg^-jjt) of an immersed curve 7 at t is defined by 

kgi^,t) := \mf{iDt,gi)it),Ngijit)))^, 
where Ng(j{t)) denotes the unit normal of 7 at t given by 

Ngilit)) := img'Jgiimit). 

The vector field Xf^^g as well as the set of solutions to (|1.2p is invariant 
under a circle action: For 9 e = M/Z and 7 G H^''^{S^ , S'^) we define 
0*7 G H^'^(S\S^) by 

6)*7(i) ='y(t + 0). 

Moreover, for V G T^H^''^{S\ S"^) we let 

* y := y(. + 0) G Te,^H^'\S\S^). 

Then Xfc,g(0 * 7) = * ^fc,3(7) for any 7 G ^^2,2(51^ 52-, e e SK Thus, 

any zero gives rise to a 5'^-orbit of zeros. 

We consider for m G No the set of Sobolev functions 

H"''^{S\S'^) := {7 G if"^'2(5\M=^) : 7(t) G dBi{0) for a.e. t G 5^} 

For m > 1 the set H"^''^ (S^ , S'^) is a sub-manifold of the Hilbert space 
i?'^'2(5\M3) and is contained in C'^-^{S\R^). Hence, if m > 1 then 
7 G H"''^{S^,S^) satisfies 7(t) G aSi(O) for all t G 5^ In this case the 
tangent space T^H""'^ {S^ , S^) of H""'^ {S^ , S^) at 7 G H"''^{S\S^) is given 
by 

T^H"''^{S\S^) ■.= {V e H'^'^{S\R^ : V{t) e T^(t)S^ for alH G 5^. 

For m = the set H°'^{S\ S^) = L'^{S\ S^) fails to be a manifold. In this 
case we define for 7 G H'^'^{S^, S^) the space T^L'^{S\S^) by 

T.,L'^{S\S'^) := {V G L'^{S\R^ : V{t) G T^(t)5^ for a.e. t G 5^}. 
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A metric g on 5^ induces a metric on S*^) for m > 1 by setting for 

7 G H'^'^iS^, S^) and V, W e T^H'^'^iS^, S^) 

{W,V)T^Hr^,2^S^,S^),g--= [ (((-l)^^^(A,9r + l)V^(i), 

((-i)-tiA,.r+i)w(i)) dt, 

' 7(*),9 

where Lm/2j denotes the largest integer that does not exceed m/2. 

Let X be a differentiable vector field on H"^'^ {S^ , S^) . Then the covariant 

(Prechet) derivative DgX, 

DgX : TH'^^\S\S^)) ^ TH^^\S\S^), 

of the vector field X with respect to the metric induced by g is defined 
as follows: For 7 G 1/2,2(5.1^^2) y ^ T^H^^^{S^ , S^) we consider a 
C^-curve 



satisfying 



and define 



70 = 7 and -^'ys\s=o = V, 
as 



DgX\.,[V]{t) := Z)g,,(x(7,(t))) |,=o. 



For the vector field theory on infinite dimensional manifolds it is convenient 
to work with Rothe maps instead of compact perturbations of the identity, 
because the class of Rothe maps is open in the space of linear continuous 
maps. We recall the definition and properties of Rothe maps given in [16] 
for the sake of the readers convenience. For a Banach space E we denote by 
QC{E) the set of invertible maps in C{E) and by S{E) the set 

S{E) = {Te gC{E) ■ {tT + (1 - t)I) G gC{E) for aU t G [0, 1]}. 

Then the set of Rothe maps ^^{E) is defined by 

n{E) := {A G C{E) : A = T + C,T e S{E) and C compact}. 

The set 'R-{E) is open in C{E) and consists of Fredholm operators of index 
0. Moreover, gn{E) := n{E)r\gC{E) has two components, gn^{E), with 
/ G gn+{E). For A G gn{E) we let 

'+1 \iA(^gTZ+{E), 
-1 'li A(^gTZ-{E). 

If ^ = I + C G gC{E), where C is compact, then A G gTZ{E) and sgn^d is 
given by the the usual Leray-Schauder degree of A. 

Since g and k are smooth, Xk^g is a smooth vector field (see [11,15, Sec. 6]) 
on the set Hreg{S^ , S"^) of regular curves, 

H^r'eg{S\ -5') := {7 e H^'\S\ : ^{t) + for ah t G S^}. 



sgn^ 
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Furthermore, we call 7 a prime curve, if the isotropy group 

{ees^ : e*j = j} 
of 7 is trivial. From [11] there holds 
{-Dlg + l)DgX,J,iV) 

= -D^V - Rg{V,j)^ + \^\;\Dt,gV,j),k{^)J,{j)j 

+ |7Ufc'(7)^)^c;(7)7 + l7l5M7)((^,./,l7^)7 + ^,(7)A,,V-). (2.1) 

We note that (see also [16, Thm. 6.1]) 

( - Dig + l)DgX,J^{V) = {-Dig + l)V + T{V), 

where T is a linear map from TyH'^''^{S^ , 6*^) to T^L'^{S^, S"^) that depends 
only on the first derivatives of V and is therefore compact. Taking the inverse 
{—Dig + 1)~^ we deduce that DgXk_g\j is the form identity + compact and 
thus a Rothe map. 

For m > 1 the exponential map Expg : TH''''^{S^ , S^) H"^'"^ {S^ , S^) is 
defined for 7 G H"''^{S\ S^) and V G T.,H"''^{S\ S^) by 

Exp^^g{V){t) := Exp^(t)^g{V{t)), 

where Expz,g denotes the exponential map on {S'^,g) at z G 5^. Due to its 
pointwise definition 

e * Exp^,g{V){t) = Expe^^je * V){t). 

3. The S'^-Poincare-Hopf index 
We define for 7 G H^''^{S\S^) the form ujg{j) G {T^H^'^{S\ S^))* by 

^ghW) := f'iW), ( - {Dt,gf + l)V{t))gdt = {'y,V)T,m,2^s\s^),9- 
Jo 

From Riesz' representation theorem there is Wg{'y) G T^H'^''^{S^ , S'^) such 
that 

^gilW) = {V,Wg{^))T^H^,2^S\S^),g e T^H^^\S\S'), 

and 

{Wgil))^ = {i)^^""'" n T,H^^\S\S^). (3.1) 

Hence 

Wg{^) = {-{Dt,gf + 1)-^ 

and Wg is a vector field on H'^''^{S^, S"^). The form iOg{'y) and the vector 
Wg{'j) are equivariant under the S^-action in the sense that for all 9 G 

and V G TyH^^^{S^, S^) we have 

we.^,g{<^ * V) = LOg{-f){V) and We,^,g = e*Wg{-f). 

We will compute the Poincare-Hopf index for the following class of vector 
fields. 
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Definition 3.1. Let M he an open -invariant subset of prime curves in 
H^''^{S^,S^). A vector field X on M is called {M, g, S^)-admissible, if 

(1) X is S^-equivariant, i.e. X{9*j) = e*X{-f) for all (6*, 7) gS'^xM. 

(2) X is proper in M , i.e. the set {7 € M : ^(7) = 0} is compact, 

(3) X is orthogonal to Wg, i.e. Wg{'y){X{'y)) = for all 7 G M. 

(4) X is a Rothe field, i.e. if X{S^ * 7) = then 

DgX\^ G JimH^'\S\S^)) and Pro^^^^^^-^^^ oDgX\^ G 0^((Wg(7))^), 

(5) X is elliptic, i.e. there is e > such that for all finite sets of charts 

{{Exp^^,g,B2sM) ■■ 7i e H^^\S\S^) forl<i< n}, 
and finite sets 

{W, G T^^H^^\S\S^) : ||T^.|It,,h4,2(si,s^) < e for I < i < n}, 
there holds: //a G n Exp-y^ g{Bsi{0)) C H'^^'^ {S^ , S"^) satisfies 

n 
i=l 

then a is in H^'^ {S^ , S^) . 

Property (4) does not depend on the particular element 7 of the critical 
orbit * 7, because from 9 * X{'y) = X{6 we get 

DgX\^ = {-e*) o DgX\e*j o {e*). (3.2) 

and Rothe maps are invariant under conjugacy. Concerning the regular- 
ity property (5), taking Wi = 0, we deduce that if X{'y) = then 7 G 
H'^'^{S^,S^). Furthermore, if 7 G H'^'^{S^,S^) then the map ^ ^ ^ * 7 is 
from to H'^'^{S\S^). Hence, if ^(7) = then 

= De{X{9*j))\g=o = DgX\^{^), (3.3) 

such that the kernel of DgX\^ at a critical orbit S*^ * 7 is nontrivial. The 
parameter e > ensures that (5) remains stable under small perturbations 
used in the Sard-Smale lemma below. If X is a vector field orthogonal to 

Wg and X(7) = 0, then 

= D{{X{a),Wg{a))T„H^,2(^s\S^),g)\'r = (^s^k' ^s(7))T^/f2.2(5i,52),g 

where the various curvature terms and terms containing derivatives of Wg 
vanish as ^(7) = 0. Thus, ^(7) = implies 

DgX\^ : T^H^^\S\S^) ^ (^^^(7))^, (3.4) 

and the projection Proj^^y^^^-j^x in (4) is unnecessary. 

Definition 3.2. Let M be an open S^-invariant subset of prime curves in 
H'^''^{S^,S'^), C M, and X a {M, g, S^) -admissible vector field on M . 

The orbit *j is called a critical orbit of X, if X(^) = 0. 
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The orbit S*^ * 7 is called a nondegenerate critical orbit of X, if X{'y) = 
and 

DgX\^ : {Wg{j))^ -> {Wg{j))^ (3.5) 

is an isomorphism. 

The nondegeneracy of a critical orbit does not depend on the choice of 7 
in * 7. 

Definition 3.3. Let gt for t G [0, 1] be a family of smooth metrics on 
S"^ , which induces a corresponding family of metrics on H'^''^{S^ , S'^), still 
denoted by gt- Let M be an open -invariant subset of prime curves in 
H'^''^{S^, S'^) and Xq, Xi two vector-fields on M such that Xi is {M,gi, S^)- 
admissible for i = 0, 1. A C'^ family of vector-fields X{t, ■) on M fort G [0, 1] 
is called a (M, gt, S^)-homotopy between Xq and Xi, if 

• X{0, •) = Xo and X{1, •) = Xi, 

• {(t,7) G [0, 1] X M : X(t,7) = 0} is compact, 

• Xt := X{t, •) is {M,gt, S^)- admissible for all t E [0, 1]. 

We write {M, g, S^)-homotopy, if the family of metrics gt is constant. 

In [11] a equivariant version of the Sard-Smale lemma [9,12] is given: 

Lemma 3.4. Let M be an open -invariant subset of prime curves in 
H'^''^{S^ , S"^) and X a (M, g, S^) -admissible vector field on M. Let lA be 
an open neighborhood of the zeros of X. Then there exists a {M, g, S^)- 
admissible vector field Y such that Y has only finitely many isolated, non- 
degenerate zeros, Y equals X outside U and there is a {M, g, S^)-homotopy 
connecting X and Y . 

We let M be an open S'^-invariant subset of prime curves in H'^''^{S^, 5^) 
and X a (M, gf, S'^)-admissible vector field on M. We shall define the S^- 
equivariant Poincare-Hopf index xs^ i-^^ ^) of vector-field X with re- 
spect to the set M. We begin with the definition of the local degree of an 
isolated, nondegenerate critical orbit of X. 

We fix a nondegenerate critical orbit * 70 of X in M. As X is (M, g, S^)- 
admissible, -0^(70 G S'R'{{Wg{'jo))^) and we define the local degree of X at 
* 70 by 

^'iSioc,s^{X, * 70) := sgnDgX\^g. 

From (j3.2p the local degree does not depend on the choice of 70 in * 70. 

Definition 3.5 (S^-degree). Let M be an open -invariant subset of prime 
curves in H^''^{S^ , S'^) and X be {M, g, S^)- admissible. From Lemma \3.4\ 
there is a vector field Y, which is {M, g, S^ )-homotopic to X, with only 
finitely many zeros, that are all nondegenerate. The -equivariant Poincare- 
Hopf index (or -degree) of X in M is defined by 

XsiiX,M):= Yl deg,„,,5i(y,5i*7)- 

{S'i*7CM: y{Si*7)=0} 
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In [11] it is shown that the definition does not depend on the particular 
choice of Y, and that the S'^-degree does not change under homotopies in 
the class of (M, (7, 5'^)-admissible vector-fields. 

The unperturbed problem with g = Qcan and k = is analyzed in [11]. 
There holds 

where Mq denotes the set of embedded curves in H^4{S\S'^) and the ze- 
ros of -^fco,gcan given by n-fold iterates of a iS^-family of simple curves 
corresponding to parallels with a radius depending on kg. Since n-fold it- 
erates are oriented Alexandrov embedded, if and only if n = 1 by Lemma 
14. II below, the zeros of ^fco.gcan oriented Alexandrov embedded 

regular curves and Mq coincide and thus 

Xs^{Xko,9.^„,MA) = -2. (3.6) 



4. Alexandrov embedded curves 

Lemma 4.1. For n € N /et 7^ be the n-fold iterate of a simple curve 71 G 
C^{S^,S'^) in {S'^,gcan) with nonnegative geodesic curvature. Then 7„ is 
oriented Alexandrov embedded if and only if n = 1. 

Proof. Since 71 is simple, 5^ \ ^i{S^) consists of two simply connected com- 
ponents by the Jordan curve theorem. We let B be the component, where 
the normal to 7 is the outer normal. By the Riemann mapping theorem 
there is an orientation preserving diffeomorphism from B to the open ball 
B showing that 71 is oriented Alexandrov embedded. 

Assume 7„ is oriented Alexandrov embedded and let Fn be the corresponding 
immersion. We equip B with the metric F*gcan induced by F„. To obtain 
a contradiction we assume that F^ is surjective. From the Gauf^-Bonnet 
formula theorem we derive 

JdB Jb 

^9can dSg^^„ + / KF*gcan ^Ap^gcan 

JF„(B) Js^ 
= 47r, 

which leads to the desired contradiction. Hence F^ is not surjective and 
using stereographic coordinates we may assume that 71 is a simple curve 
in the plane (M^,(5) with standard metric 5. If we apply the Gauf^-Bonnet 
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formula to {B,F*6) and the embedded curve 71 in the plane, we obtain 

JdB JB 



ks dSs = n ks dSs = n27r, 

7n ■J 71 

which is only possible for n = 1. □ 

Lemma 4.2. Let (7„) in C^{dB, S"^) he a sequence of immersions, which are 
oriented Alexandrov embedded, such that (7^) converges to an immersion 70 
in C^{dB, 5^) with strictly positive geodesic curvature. Then 70 is oriented 
Alexandrov embedded. 

Proof. We fix (7^) and 70 that satisfy the above assumptions and denote by 
Fn : B ^ the corresponding sequence of oriented immersions, such that 
Fn\dB = In- As 7„ is a C^-map, we may assume Fn is in C'^{B, S"^) as well. 
Since the convergence is in C'^{dB , S'^), there is Eq > such that for all 
n € No the map T52 „ : dB x (— eo,eo) — > defined by 

Ts2,niy,t) ■= Exp^^^y)^g{tNs2^M) 
is an immersion, where Ng2 is the outer normal at 7n(y) to Fn{dB), if 

n / 0, and Ns2^Q{y) = lim„_^oo A^52,n(y) = Jg{lo{y))\io{y)\~^io{y)- More- 
over, we may assume that the geodesic curvature of the curves T52 „(■, s) is 
uniformly bounded, i.e. there is /cq > such that 

ko < kg{Ts2^^{t,s),t) < k^^ V(n,t,s) e^xOBx {-eo,eo). (4.1) 

We consider (B, F*g), where F*g denotes the metric induced by Fn. Shrink- 
ing £0 > we have the following 

Proposition 4.3. For all n E'N the map Tb^u ■ dB x {—Eq, 0] B, 

TB,n{y^'^) '■= Expy^F*g{tNB,n{y)), 

where NB,n{y) denotes the outer normal to dB at y with respect to F*g, is 
well defined and a diffeomorphism onto its range. 

We postpone the proof of the proposition and proceed with the proof of 
Lemma I4.2i 

Due to the unique solvability of the ordinary differential equation corre- 
sponding to the exponential function we have 

FnoTB,n{y,t) = Ts2^n{y,t) for all {y,t) e OB x {-eo,0]. (4.2) 

Since (7„) converges to 70 in C'^{dB, S'^), there is no G N such that a 
reparametrization of 70 is a graph over 7„(,, i.e. there is s € C^{dB, (— Eq, £9)) 
and an oriented diffeomorphism a € C'^{dB, dB), which is close to the iden- 
tity, such that 

lo{a{y)) = Ts2.no{y,s{y)) My G dB. 
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If we define Fo:B^S'^hy 

' Fng (x) , if X is in 

B\TB,no{dB X (-£0,0)), 

Ts2,no (y> {s{y)£o^ + 1)* + s{y)) , if X = TB,no {y, t) for 

{y,t) e {dB X {-eo,0]), 



Fo{x) 



then Fo G C^{B,S^), by ()4.2p . Since -Fola^ = 70 o q and Fq is an oriented 
immersion as a composition of such immersions, we see that 7 o a is ori- 
ented Alexandrov embedded. The diffeomorphism a can be extended to an 
oriented diffeomorphism A oi B: We consider dB as M/27rZ, assume after a 
rotation a(0) = 0, and define A in polar coordinates by 

rv 

A{r, (f) := (r, / s(r) + (1 - s(r))a'(r) dr) , 
Jo 

where s € C°°([0, 1], [0, 1]) is any function satisfying 

s(r) = 1, if < r < — and s(r) = 0, if r = 1 

Consequently, 70 is oriented Alexandrov embedded as well using Fq o A~^, 
which yields the claim of Lemma I4.2i 

It remains to prove Proposition 14.31 Firstly, we note that for any n S N the 
map Ts^n is defined in 

Un ■■= {(y,i) edBx (-00,0] : -a{y,n) < t < 0}, 

where 

a{y,n) := sup{t : TB,n{y, -t) e B} = sup{t : Tg2 ,^{y, -t) G F„(5)}, 
a{dB,n) := mf{a{y,n) : y G dB}. 

Differentiating (fOj) we find in [/„, ndB x (-eo,0] 

DFn\TB,nODTB,n = DTs2^r^■ 

Hence, TB,n is a local diffeomorphism and it is enough to show, after possibly 
shrinking Eq > 0, that 

dB X (-£0, 0] C Un for all n G N, 

TB,n\dBx{^eo,o] is injective. 

To obtain a contradiction assume that 

a{dB, n) ^ as n ^ 00. 

It is standard to see that a{dB,n) is attained at some yo,n ^ t^-B and that 
the geodesic 

[0,a{dB,n)] Bt^TB,n{y,-t) 
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is perpendicular to dB at Ts^niy, —cr{dB,n)). 

We fix ni > such that a{dB,ni) < eo/2 and a{dB,ni) is attained at 
2/0 ^ dB. Due to the minimahty of a{yQ,ni) the parallel curve 

y ^ rB,ni(y,o-(yo,ni)) 

lies inside i3 with positive curvature and touches dB at uq from the inside. 
This leads to the desired contradiction due to the positive curvature of dB 
and the maximum principle. 

To show the injectivity we argue by contradiction and assume that there is a 
subsequence of (7^), still denoted by (7^), and a sequence {yi^n, y2,n, ti,n,t2,n) 
in {dBf X (0, such that / y2,n and 

TB,n{yi,n, —tl,n) = TB,n{y2,n, —t2,n)- 

Going to a subsequence we may assume 

yi,n yi and 7/2,„ ^ y2 as n ^ 00. 
For i G {1,2} we have 

Consequently, yi 7^ 2/2, because {Tg2^n) converges in C^{dB x {—£q,£q),S'^) 
to 0, which is an immersion. By the same argument, we deduce that for 
any < r and any < e < there is (5 = 5(r, e) > and no = no(r, e) such 
that for all n > uq 

Bs{yi,n) C Ts2^n{Br,dB{yi,n) X (-£,£))• 

Since < ii,n,i2,n < ^ and yi / 7/2, taking < r < distg^lyi, y2)/2 and 
< £ < Eq we infer that 2/2 G Bs{yi) for n large enough. Consequently, as 
e > may be chosen arbitrarily small, 

a{dB, n) — > as n ^ 00. 

This yields a contradiction as above and finishes the proof. □ 

Lemma 4.4. The set of regular, oriented Alexandrov embedded curves is 
open in H^^^{S\S^). 

Proof. Let 70 € H'^''^(S^, S"^) be oriented Alexandrov embedded. Then there 
is an oriented immersion Fq : B ^ S'^ such that Fq\qb =7- We may extend 
Fq to an open neighborhood U B such that Fq remains an immersion and 
Fq{U) is open. If 7 is close enough to 70, then 7 lies in Fq{U) and we may 
write 7 as a graph over 70 with respect to its normal. Since j{dB) C Fq{U) 
we may proceed as in the proof of Lemma 14.21 to deduce that 7 is oriented 
Alexandrov embedded as well. □ 
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5. The apriori estimate 



We fix a continuous family of metrics {gt : i G [0, 1]} on 5^ and a 
continuous family of positive continuous function {kt : t e [0,1]} on S^, 
such that the Gaufi curvature Kg^ is nonnegative and 



We denote by Ma C H^''^{S\S'^) the set 

Ma ■= {l e H^;?g{S^ , S"^) -. 7 is oriented Alexandrov embedded.}. 
We shall show that the set 



is compact in Ma x [0,1]. Fix (7, t) € X~^(0). Then there is an oriented 
immersion F : B with F\gB = 7- We denote by F*gt the induced 

metric on B. Using F\qb = 7, Kg^ > 0, and the fact that F is a local 
isometry from {B,F*gt) to {S'^,gt), the Gaufi-Bonnet formula gives 



J-y 

where L{'j,gt) denotes the length of 7 in the metric gt. 
To obtain a contradiction assume that there is {'jnjtn) in X~^{0) such that 
L{'jn,gtn) — >^ as n — > 00. We denote by F„ the corresponding oriented 
immersions. Since the sets {gt : t & [0, 1]} and {kt : t G [0, 1]} are compact, 
all involved metric are uniform equivalent to the standard metric gcan E^nd 
there is Ck,g^an > 0, such that 



Due to the uniform equivalence of the involved metrics and the uniform 
bound on the geodesic curvature L„ and L„ tend to as n 00. Prom the 
Gaufi-Bonnet formula applied to (S, F*gcan) we obtain 



kinf := ini{kt{x) : {x,t) E S'^ X [0, 1]} > 0. 
We let Xt be the vector field on H^'^{S^, S^) defined by 

Xt ■■= -^fet,fff 



X-\0) := {(7,t) eMAX [0, 1] : ^^(7) = 0} 




kg.aniln,t)\ < Ck,g^^„ for all {n,t) ef^xS\ 



For n G N we let 
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Applying the isoperimetric inequality [8] to {B, F*gcan) we find 
Ll > AirAn - {Anf 

= 47r(27r-L„) - (27r-L„)^ 

= 47r2 - (L„)2, 
which is impossible for large n. 

Consequently, the length L{'y,gt) for (7,t) G X~^{0) satisfies 

c < Li^,gt) < {mi{kt{x)}y^2Tr (5.1) 
for some positive constant c = c{{kt}, {gt})- 

Fix a sequence (7n, tri)neN in -^~^(0). Since 7„ is a zero of Xt„, the curve 7„ 
is parameterized proportional to its arc-length. From the bound in (jS.ip 
we see that (7„) is uniformly bounded in C^{S^,S'^). Using the equa- 
tion (jl.2p and standard regularity theory we find that (7,1) is bounded 
in C^{S^,S'^), such that we may extract a subsequence, still denoted by 
(7n,^n)neN, which converges in C'^{S^,S'^) x [0,1] to (70,^0)- Due to the 
convergence in C'^{S^,S'^) we have Xtf^{'yo) = 0, and the lower bound in 
(|5.ip implies that 70 is an immersion. From the stability of oriented Alexan- 
drov embeddings in Lemma 14.21 we deduce that 70 is oriented Alexandrov 
embedded and hence (70, Iq) G X~^{0). This shows that X~^{0) is compact. 
From the homotopy invariance we now get 

Xs^iXko,g.^„,MA) = Xs^iXk,,9i,MA). (5.2) 

6. Existence results 

We give the proof of our main existence result. 

Proof of Theorem From the uniformization theorem there are a func- 
tion if G C°°(52,M) and an isometry F of {S^,g) to (5^, 

(^^9 can) J where gcan 

denotes the standard round metric on S^. Since the problem of prescribing 
geodesic curvature is invariant under isometries we may assume without loss 
of generality that 

9 — (^'^ 9can • 

We consider the family of metrics {gt : t G [0, 1]} and the family of positive 
continuous function {kt : t G [0, 1]} defined by 

9t ■ — 6 ^ 9cani 

kt := {l-t){\nlk)+tk. 

Then kt > inf /c > for all t G [0,1] and the GauB curvature Kg^ of the 
metric gt satisfies 

= e-*^(-fA3_(v,) + 2) 

= e"*"^ ( - t(2 - Kge'^) + 2) > 0, 
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because Kg is nonnegative. 
From Section [5] the homotopy 

[0, l\3t^ Xk,,g, 

is (M^, gt, 5^)-admissible and by (j3.6p and (j5.2p 

-2 = xsAXk,,g^^^,MA) = Xs<Xk,g,MA). 
This gives the claim. □ 
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